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AN ISOTROPIC FRICTIONAL THEORY FOR A GRANULAR
MEDIUM WITH OR WITHOUT COHESIONt

J. L. DAIS

Institute of Technology, University of Minnesota, Minneapolis, Minnesota 55455

Abstract-A theory of de long [I] is modified and generalized to three dimensions. The corresponding global
results are established which restrict orientations of surfaces of velocity discontinuity and surfaces separating
rigid from deforming zones to principal stress directions. Previously unknown axi-symmetric and plane modes for
the compression of a cylinder are found.

INTRODUCflON

IN AN idealization of a granular medium as a frictional material, deformation occurs by the
smooth sliding of adjacent surfaces of material points. The idealization mayor may not
include cohesion. If the material is isotropic, the condition for frictional sliding is in­
dependent of the orientation of the surface of sliding. Consider an arbitrary plane through
a point (the term "plane" is used in the local sense as the tangent plane to a surface), and
let 1: and (1N denote respectively the magnitude of the shear component of surface traction
and the normal component of surface traction on the plane, Tension is taken positive.
Let c and tan qJ denote respectively the cohesion and coefficient offriction between adjacent
surfaces of material points along the plane. If the well-known Coulomb limit condition for
the shear strength of soil is not reached, that is if 1: < C (1N tan qJ, relative sliding of the
adjacent surfaces is not allowed to occur. If 1: = C-(1N tan qJ, the surface may slide in the
relative sense of the shear component of surface traction. 1: cannot exceed C-(1N tan qJ.

Ifthe material is isotropic, these conditions must be satisfied on all planes through the point,
with C and qJ independent of orientation.

Figure 1 is a pictorial representation of the frictional idealization. Figure l(a) shows a
homogeneous weightless block in a homogeneous state of stress, where (11 > (12 > (13

are principal stress components, shown as compressive. Suppose that for planes of all
orientation the stress state is such that the Coulomb limit condition is not reached. Now,
increase the magnitude of the compressive stress (13 until the Coulomb condition is just
satisfied so that sliding or relative motion occurs on one of the planes perpendicular to
the 1, 3 plane as shown in Fig. l(b). Because of the symmetry, sliding could occur equally
well on the complementary plane of Fig. l(c). Sliding could also occur in discrete jumps
on parallel planes,t as indicated in Figs. l(d) and l(e). In the limit, as the thickness of the
elements in Figs. l(d) and l(e) approaches zero, sliding is smoothed out and can be regarded

t The conclusions presented in this report were derived in the course of research sponsored in part by the
National Science Foundation under Grant GKIOI3 to Brown University and in part by the Division ofEngineer­
ing. Brown University.

t It seems worth emphasizing the fact that this paper has nothing whatsoever to do with layered (and thus
anisotropic) media. The inclined surfaces in Fig. I are determined solely by principal stress directions.
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FIG. I. Frictional material.
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as occurring by a continuous shearing as in Figs. 1(f) and 1(g). Deformation may take place
alternately in one continuous mode and then the other but the simultaneous occurrence
of both continuous modes in Fig. 1(h) is not allowable in a frictional idealization. Such
instantaneous combination does not occur by shearing or sliding on planes for which the
Coulomb condition is met.

For such an ideal material, two global results can be obtained; the proof of these is a
burden of this paper.

1. A surface of velocity discontinuity has at each point as its tangent a surface upon which
T = C-UN tan cpo

2. A surface which separates a rigid zone from a deforming zone has at each point as its
tangent either a surface upon which T = c - UN tan cp or a surface perpendicular to surfaces
upon which T = c - UN tan cpo The first result has the widely known experimental versions
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of cleavage surfaces in rockst and failure surfaces in soils.t It has been widely observed in
soil experiments that surfaces separating comparatively nearly rigid from rapidly deforming
zones are reconcilable as having surfaces upon which r c - (IN tan cp as their tangents.§
It appears likely that a compression experiment on a short specimen II would reveal the
perpendiculars to surfaces upon which r = C - UN tan cp as separating such zones. The
corresponding results in the theory of rigid perfectly plastic solids have played a prominent
role in the analysis of metal plasticity problems; it seems reasonable that results 1 and 2
should be ingredients of mathematical formulations of problems for granular materials.

At this point it is worth discussing, from the standpoint of the formulation of problems,
the implications of time averaging the continuous strain rate modes of Figs. 1(0 and 1(g).
Within the framework of this theory, as in the theory of rigid perfectly plastic solids, one
formulates problems for which the current configuration of a body is taken as the reference
configuration. Part of a solution is then a velocity field which, if maintained for a while,
changes the reference configuration to a neighboring configuration. The characterization
of many real situations in which sizeable deformations take place is possible by alternate
use of the modes of Figs. 1(0 and l(g), but would require reposing a problem at intermediate
configurations. This procedure can be avoided by pretending that the neighboring con­
figuration has been reached directly by a velocity field for which these modes have been time
averaged. Most probably the time averaging which will be of main analytical interest is that
resulting in the coincidence ofprincipal axes ofstress and strain rate as in Fig. l(h).,-r Result 2,
which depends essentially on the restriction to the individual modes, can be retained
provided that it is agreed that other modes are indeed attained by the successive action of the
modes of Figs. 1(0 and l(g).

It might at first appear that the frictional material could not be isotropic since the prin­
cipal axes ofstress and strain rate do not coincide. This issue has in fact already been raised
by Spencer in reference to de Jong's theory. To date, coincidence has been established for
only the following two types of ideal isotropic materials: (1) materials defined by a unique
dependence of one tensor upon only one other tensor,tt and (2) rigid perfectly plastic
materialsH defined by the normality of the strain rate vector to a yield surface. Since the
frictional material falls into neither of these classes, there is no inconsistency with material
isotropy. The nonuniqueness in the constitutive relation for a frictional material has
implications for nonuniqueness of collapse loads which is explored by Dais [8].

1. ALTERNATIVE APPROACHES AND PREVIOUS WORK

It might at first appear that an equivalent theory could be based on an assumed occur­
rence of deformation by a continuous shearing (with no volume change) upon planes on
which r = C-(JN tan cp,§§ and then interpreting (as is done in the theory of rigid perfectly

t See. for example, Nadai [2] p. 330.
t See Jumikus [3] p. 498 and p. 507.
§ See Jumikus p. 498, or Sylvestrowicz [4] or Biarez et al. [5].
II See Section 3 of the present paper.

'\[ Consider the problem of a thick-walled cylinder loaded by external pressure and constrained between two
fixed smooth rigid end plates. The axi-symmetric solution to this problem could easily be obtained through the
use of the mode of Fig. 1(h).

tt See, for example, Serrin [6] pp. 230--232 for a proof.
H See Dais [7] for a proof.
§§ Geniev [9] developed a plane strain theory based on these assumptions.
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plastic solids) a velocity discontinuity as the limiting case of rapid shearing in a thin zone.
This approach leads one to the conclusion that surfaces perpendicular to surfaces upon
which T = c - aN tan cp are allowable as surfaces of velocity discontinuity. As has been
previously pointed out by Spencer [lOJ, these surfaces have no such appropriate physical
interpretation. The present interpretation of a continuous velocity field as the limiting
case of a discontinuous field restricts discontinuities to occur only on surfaces on which
T = c-aN tan cp.

The deformation mechanism used in this paper was proposed by de long and the present
theory can thus be regarded as an extension and modification of de long's work. De long
considered this mechanism solely in the context of plane strain situations; in the present
paper the mechanism is regarded as constituting the basis for a fully three dimensional
theory. Results 1 and 2 are shown here to be inherent in the theory. De long allowed the
superposition of the individual modes; the present approach does not object to a mathe­
matically convenient time averaging, but suggests that phenomena consistent with the
superposed modes but inconsistent with the successive action of the individual modes be
disallowed.

For situations ofequilibrium and plane stress, the well-known plane stress characteristic
theoryt fits into the structure of the present theory, and result 1 then becomes: A line 01
velocity discontinuity has at each point as its tangent a stress characteristic. Should, further.
only the individual modes of Figs. 1(f) and 1(g) be considered, then the velocity characteristic
theory of Geniev fits into the present structure and result 2 becomes: A line which separates
a rigid zone from a deforming zone has at each point as its tangent a velocity characteristic.
Geniev has exhibited velocity fields corresponding to straight line and log spiral slip line
fields.

Spencer proposed a theory based also on the idea of shearing on a surface on which
T = C aN tan cp. That theory differs from the present, though, in that Spencer postulated
that the motion relative to a frame of reference which rotates with principal stress directions
consists of superimposed shears. This leads Spencer to the conclusion that deformation
occurs with no volume change and that strain rate depends upon stress rate as well as upon
stress. Spencer neither postulates nor derives restrictions on the relative orientation of
surfaces of shearing and surfaces upon which T = c- aN tan cp. It appears to be not in­
consistent with this theory for the rate of work done on the material to be negative.

2. CONSTITUTIVE RELATION

In the following, a plane on which T = c - aN tan cp holds is said to be a slip plane. The
direction of the shear stress vector on the plane is said to be the slip direction. If there is
a slip plane, then the stress state is said to be critical.

Let a I ::::: a 2 ::::: a 3 be principal stress components and consider a critical state of stress.
If al > a2 > a3 as in Fig. 1, there are two slip planes and the normals to these planes lie
in the ai, a 3 plane and are inclined at + (n/4 - cp/2) and _. (n/4 - cp/2) to the direction of a 1 .

The slip directions lie in the a 1, a 3 plane also. If a 2 = a 3, there are an infinity of slip
planes with normals inclined at (n/4-cp/2) to the direction of a1' The slip directions lie

t See. for example, Sokolovskii [II].
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in the plane defined by the direction of a I and the normal to the slip plane. If at = a2'

there are an infinity ofslip planes with normals inclined at (n/4 +cp/2) to the direction ofa3 .

The slip directions lie in the plane defined by the direction of a3 and the normal to the slip
plane.

If deformation occurs by sliding in a frictional material as in Figs. l(bHe), then the
velocity vector v experiences a jump, denoted as [v], across a slip plane and tangential to the
slip direction on the plane. If Bl Z B2 Z B3 denote principal strain rate components and
sliding is smoothed out as in Figs. 1(f) and l(g), then B2 = 0 and deformation occurs with
no volume change. A slip direction is then a direction of principal shear strain rate and of
zero rate of extension. Consequently, if al > a2 > a3 as in Fig. 1, the direction of Bl lies
in the al ,a3 plane and is inclined at either +cp/2 or - cp/2 to the direction ofal . Ifa2 = a3,
the direction of Bl is inclined at cp/2 to the direction of al. If al = a2, the direction of BI
is inclined at (n/2 - <p/2) to the direction of a3 and the direction of B2 is perpendicular to the
direction of a3 .

Consider a surface in a region occupied by the frictional material. If this surface is to
be a surface of velocity discontinuity, it must have everywhere as its tangent a slip direction,
for otherwise [v] would not be tangent to a slip direction. If the surface is to separate a
rigid zone from a deforming zone, then the surface must have everywhere as its tangent
either a slip plane or a plane perpendicular to a slip plane. For, if the surface is a surface of
velocity discontinuity, then it must be tangent to slip planes. Assume that the velocity is
continuous across the surface but the surface is not tangent to slip planes or their per­
pendiculars. Then the element of the deforming zone immediately adjacent to the surface
would be either extending or contracting which, for any nonzero length of surface, necessi­
tates a discontinuity. This contradicts the hypothesis that the velocity is continuous across
the surface, and the result is established.

3. COMPRESSION OF A CYLINDER

Consider the problem of compressing an initially right circular cylinder between two
rough centrally loaded rigid platens which are free to shift laterally. Fig. 2(a) shows the slip
planes and their perpendiculars corresponding to the homogeneous axially compressed
stress state and Figs. 2(b) and 2(c) show some possible configurations following a small
platen displacement. The conical regions of Fig. 2(c) are undeformed. In practice it is likely
that the axi-symmetric modes will be associated with hardening stages of deformation and
the plane modes with incipient softening. It is also likely that the modes (i) of Figs. 2(b) and
2(c) will be associated with cylinders of length/diameter ratio greater than tan (n/4 +<p/2)
and modes (ii) with shorter cylinders. Modes (ii) are previously unknown.

The plane strained configurations are attained ifa rate field with BI inclined as shown and
homogeneous in the sheared zone is maintained during the platen displacement. The axi­
symmetric configurations can be generated by using the plane modes as fundamental
solutions by taking the shear zones to rotate through 3600 about the vertical axis at constant
angular speed as the platens are displaced at constant speed. It is straightforward but tedious
to obtain equations for the deformed lateral surfaces. The axi-symmetric configurations
so obtained are approximations to configurations which would be obtained by several
successive equal plane shears at evenly distributed intervals in the 3600

•
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FIG. 2. Compression of initially right circular cylinder.
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A6cTpaKT--Mo,l.\H<!>HL\HpyeTcli TeopHli ,l.\e J/toHra Ii o606ll.\aeTCll Ha TpH pa3Mepa. BbIBO,l.\liTCll COOTBeTCT­
BylOwHe rJl06aJlbHbIe pe3YJlbTaTbI, KOTopbIe OrpaHli'iHBalOT HanpaBJleHHlI nOBepxHocTeli CKOpOCTH
HenpepbIBHOCTH H nOBepxHocTeli pa3,l.\eJllI1OIUHX lKeCTKHe 30HbI OT ,l.\e<!>0pMHpoBaHHbIx 30H B rJlaBHbIX
HanpaBJleHHlIX HanplllKeHHil:. )J,JllI L\HJlHH,l.\pa, ,l.\alOTClI paHee HeH3BeCTHble ocecHMMeTpH'IeCKHe Ii nJlOCKHe
pelKHMbi npH ClKaTHH.


